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Preface

Learning modern higher mathematics —discrete mathematics, in particular— requires more than ever fluency

in elementary arithmetic and algebra. An alarming number of students reach university without these skills.

The Essential Mathematics programme at Queen Mary is designed to address this problem. It provides
training for a compulsory examination, which all first year mathematics students must pass to be admitted
to the second year; the exam is to be attempted repeatedly, until passed, and is supported by the course
MTH3100. A similar —if a bit less demanding— programme has been introduced as the core course SEF026
within the Science and Engineering foundational year.

The Essential Mathematics programme consists of over 1000 gradual exercises on integers, fractions, radicals,
polynomials, rational functions, linear and quadratic equations. Each exercise is provided with answer, for
immediate feedback. A student following this programme conscientiously, will develop automatic response,

stamina, and confidence, in a vital area of mathematical knowledge.

It would be difficult to overestimate the benefits of this effort.

Are my neurons well-connected?

Look at the following expression for a few seconds, then cover it up.

2
6 8
132 (= - . 1
(26 39> (1)
The goal is to evaluate it without calculator. If you can spot and carry out simplifications, this is easy: you

do not even need pencil and paper.

So, did you notice any simplification? If you did not, you will probably start off like this

132 (639268 2_169 234 —208\*
26 - 39 - 1014 B

a dangerous move, in an exam without calculator. Consider instead the following equalities

a b 2 1 2
26 =2-13; 39 =3-13; (d—d) = 5 (a=1) (2)
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which should be obvious. However, is their relevance to the present context equally obvious? Look:

132 6 8 2—132L 3_§ 2_ 12_1
2.-13 3-13) 132 3/ \3) 9o

Simple. But only if, after seeing equation (1), your brain automatically ‘connects it’ with equations (2), in

a process of pattern recognition that barely involves consciousness.

If this has not happened, it means that your mathematical neurons are not well-connected, and you must build
these connections. Developing this kind of automatic responses requires little knowledge or understanding,
but a lot of regular practice, much like long-distance running, or playing a musical instrument. The only

thing to be understood here is that these skills cannot be acquired in any other way.

Work without calculator (which is not permitted in the exam).

Attempt 5 to 10 exercises a day, every day.

Do not skip days.

Do not skip exercises, unless you consistently get the correct answer at the first attempt.

e Discuss any problem with your advisor or lecturer.

Exercises displaying the symbol ** are exam-type questions for MTH3100, while the symbol * flags easier
questions, of the type appearing in the exam of the foundational course SEF026. The symbol & denotes
a challenge question, which goes beyond what an average student following this programme is expected to
handle.

Proof-reading this document has been a labourious process. The original version of the web-book was checked
by a team of postgraduate students at Queen Mary, who corrected many errors; I thank them for their effort.
I am also grateful to the many undergraduate students that subsequently spotted mistakes while taking the
course. Special thanks go to Marcus Jordan, a very young student from Korea, who followed the current
version of this programme from beginning to end, resulting in a final set of corrections. The responsibility

for any remaining error rests solely with the author.

Franco Vivaldi
London, 2009
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Part I: essential arithmetic

I.1 Divisibility and primes

We consider the integers, and the operation of multiplication. We write ab or a - b for a x b. We recall some

basic identities concerning multiplication and exponentiation of numbers

ab=ba (ab)’ =a®b° a’a® = a’*e (ab)c =a.

(What is the value of 1°? Do the expressions 0!, and 0° make sense? Think about it; look it up.)

Let a and d be integers. We say that d divides a if we can write a = ¢ - d for some integer q. The integer
q = a +d is called the quotient of the division of a by d. Thus 7 divides 35 because 35 = 5 7, with quotient
5=35+T.

If d # 0, we can always find integers ¢ and r, such that a = ¢-d +r, with 0 < r < |d|. (The symbol | - |
denotes the absolute value. What is it?) The integer r is called the remainder of the division of a by d. One
sees that d divides a precisely when a =+ d gives remainder zero. Thus 7 does not divides 37 because 37 = 7
gives remainder 2: 37=5-7+ 2.

Be careful when a and/or d are negative, because r cannot be negative. Thus dividing —37 by 7 gives ¢ = —6
and r = 5, because —37 = —6 -7+ 5.

Quotient ¢ and remainder r of division of a by b are computed with the long division algorithm. To check
your calculation, verify that multiplying ¢ by b and adding r, one recovers a. For example, if a = 199 and
b =13, one finds ¢ = 15 and r = 4. Check: 15-134+4 =195+ 4 = 199.

Every integer is divisible by itself and by 1. Every integer divides 0. Some simple criteria exist, to test

divisibility by certain integers
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d d divides a if the digits a d divides a because
of a are such that

2 2 divides last digit 2008 2 divides 8
3 3 divides sum of digits 10713 3divides 1+04+74+1+3 =12
4 4 divides last two digits 94152 4 divides 52
5 last digit is 0 or 5 7015 last digit is 5
9 9 divides sum of digits 42381 9 divides4+2+3+84+1=18
10 last digit is O 12340 last digit is O
11 11 divides sum of digits 752301 11 divides 7-54+2—-34+0—-1=0
with alternating signs
10* last k digits are 0 6070000 last 4 digits are 0 (here k = 4)

A prime is an integer greater than 1 which is divisible only by itself and 1. (So 1 is not prime. Why?) The

sequence of primes
2,3,5,7,11,13,17,19,23,29, ...

is infinite. There are 15 primes less than 50, and 25 primes less than 100. Every integer greater than 1
can be decomposed as a product of primes, and this decomposition is unique, apart from rearrangement of
factors.

120=2%-3.5=5-3.2=2.2.2.3.5 = etc.

Writing all exponents explicitly: 120 = 23-3! .51,

In computations, take advantage of partial factorizations, e.g.,

183515 = (2-32)3.(3-17)> =23.30.3% . 175 = 23 . 311 . 175,

To test whether or not a positive integer n is prime, we check divisibility by all primes p with p < /n. If n
is not divisible by any of them, then n is prime. Let n = 127. We find 11 < +/127 < 12 (see section 1.5), and
so we must test divisibility by p = 2,3,5,7,11. One verifies that none of these primes divides 127, so 127 is

prime.

To find all primes in a given interval [a, ], use the sieve algorithm. First list all integers in that interval,

excluding those obviously non-prime (i.e., divisible by 2 or 5). So if a = 141,b = 161, we list
141,143,147, 149, 151, 153, 157, 159, 161.

Then we eliminate from the list the integers divisible by 3,7,11,...,p, where p is the largest prime such that
p? <b (p =11, in this case). Divisibility by 3 gives:

141,143,147, 149,151, 153, 157, 159, 161.

Next, we eliminate the numbers divisible by 7:

141,143,147, 149, 151, 153, 157, 159, 161

and by 11:
141, 143,147,149, 151, 153,157, 159, 161.

6



10.*

11.7

12.%

13.

14.7*

15.%*

There are 3 primes in our interval: 149,151, 157.
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The above methods for identifying and constructing prime numbers work only with small integers. For

intance, the 39-digit integer

2127 _ 1 = 170141183460469231731687303715884105727

was proved to be prime in 1878, using a very sophisticated algorithm. This is the largest prime known before

the computer age, yet its primality could not be established by our method, even if implemented on the

world’s fastest computer. (Why? Think about it.)

Compute the quotient and remainder (q,r) of each integer division. Check your calculation explicitly.

1-+2; 3+2; 12 +2

20+21; 25=7; 3211
40+41;  57+7; 80+9

200+ 24; 91+13; 175+9

111+13;  197+3; 2225
1000 = 1001; 1001 +1000; 1001 = 100
177 +3;  1381=2; 1000 =7

500+ 17; 499 +11; 309+ 14

874 +12; 601 +21; 444 +11
8195+ 4; 3316+9; 70551 +3

1101+ 15; 2001+ 14; 729+ 15
2323+ 11; 2121 =11; 9999 = 12

3421 +21;  10%=7; 2091 =+ 19

[0,1: @ (6,0)]
(@0 (0.2 (0,2)]
[0,0:  (1o;  (3.0)]
[(0,20:;  (3,4); (2,10)]
[(0,40; (81); (8,9)]
[(8,8); (7.0 (19,4)]
[(8,7); (65,2); (44,2)]
[(0,1000; (1,1);  (10,1)]
[(59,0);  (690,1);  (142,6)]
[(20,7);  (45,4); (22,1)]
[(72,10);  (28,13);  (40,4)]
[(2048,3);  (368,4);  (23517,0)]
[(73,6);  (142,13);  (48,9)]
[(211,2);  (192,9);  (833,3)]

[(162,19);  (1428,4);  (110,1)]



16.

17.

18.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

33.7

34.*

36.

37.

38.
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Determine the number of primes lying in the given interval, endpoints included.

0.2 [1,105 (15, 25] [ 4 3]
24, 28];  [30, 40);  [40, 50] [o; 20 3]
50, 55);  [57, 65];  [60, 90] [1; 20 7]
[75,95];  [81,101);  [39, 69] [3; 4 7]
57, 91);  [101, 111);  [111, 125] [8; 4 1]

Express each integer as a product of prime numbers. Occasionally, check your calculation explicitly.

8 14; 12 [23, 2.7, 22.3]
1 11, 21 [impossible;  11;  3-7]
18 24: 30 [2.32, 23.3; 2.3.5]
97:  49: 81 [33, 7%  31]
25:  50: 100 [52, 2.5%  22.52]
16: 32, 64 [24 25, 2°]
37, 40; 41 [37,  2%.5; 41]
39: 51, 68 [3-13; 3.17; 22.17]
57, 58 59 [3-19; 2.29; 59]
65, 66; T2 [5-13; 2.3.11; 23.32]
74 76, 78 [2-37; 22.19; 2.3.13]
84: 86, 87 [22.3.7; 2.43; 3.29]
90; 96, 98 [2-32.5, 25.3; 2.72]
121; 128 150 [112, 27, 2.3.52]
111;  189; 400 [3-37; 3.7, 21.52]
8-5 810 [23.5  2t.5]
12-18;  4-8-16 [28.3%  29]
6-30; 21-49 [22.32.5; 3.7]
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[36-172  119]

[27.55.7, 280.5%0]

[7-13; or, 7.17]

[22.3.17;  32.5% 5]

[32.37; 73 33.13]

[113;  214.37;  59.61]
[2¢.3%.5% 26.36;, 22.32.5.7]
[22.32.5.7, 22.3.5.37; 26.31]

[3%-23; 37, 3.7.11-13]

[23000 . 53000, 290 . 3180 590]

[224; 11%.101]
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1.2 Ged and lem

The greatest common divisor (gecd — also called highest common factor) of two integers is the largest integer
dividing both. For example, ged(4,6) = 2, ged(0,5) = 5. The value of ged(0, 0) is undefined (why?), so we let
ged(0,0) = 0. The least common multiple (lem) of two integers is the smallest non-negative integer divisible
by both. We illustrate the computation of ged(a,b) and lem(a, b), with an example: a = 270, b = 252. First,
factor the given integers

270=2-3-5 252 =22.3%. 7.

Then, match the prime divisors of the two integers by inserting, if necessary, any missing prime raised to
the power zero
270 =2".3%.54.7° 252 =2%.32.5°. 7%,

Now, the gcd is the product of all above primes, each raised to the smallest of the two exponents. For the

lem, one instead selects the largest of the two exponents.
ged(270,252) =2'-32.5. 70 =2.9 = 18; lem(270,252) = 2% .3% .51 . 7! = 4.27. 35 = 3780.
Persuade yourself that if a divides b, then ged(a,b) = a and lem(a, b) = b. For instance
ged(21,63) =21 lem(21, 63) = 63.

Two integers are relatively prime if their greatest common divisor is 1. The least common multiple of two
relatively prime integers is equal to their product. (Think about it.) Do not confuse the terms prime and
relatively prime. Two distinct primes are necessarily relatively prime, but two integers can be relatively

prime without any of them being prime. For instance

1 =ged(4,9) = ged(14, 15) = ged(27,10) = ged(16, 33).

Compute the greatest common divisor of the following pairs of integers.

(1,2);  (=2,2);  (2,4) [1;, 2, 2]
0,3);  (2%,2%);  (—6,-8) [3; 4 2]
(21,18);  (20,18);  (19,18) [3; 20 1]
(33,51);  (34,51);  (35,51) [3; 17, 1]
(60,84);  (72,90);  (45,63) [12; 18, 9]
(30,78);  (55,20);  (60,75) [6: 5 15]
(70,84);  (=77,60);  (96,128) [14; 1, 32]

10



10.**

11.%*

12,7

13.%*

14.

15.

16.

17.*

18.

19.%*

20.**

21.

22.

23.*

24.%*

25.7*

26.7*

27

(108,180);  (270,252);  (140,200)
(315,675);  (630,588); (900, 240)
(594,693);  (432,882);  (450,864)
(240,182%);  (21%,315);  (842,14%)
(122,90%);  (483,51);  (773,242)

(99,1412);  (66,18°%);  (26*,2600)

Compute the least common multiple of the following pairs of integers.

(2,10);  (2,5); (6,8)

(8,12);  (20,30);  (12,18)
(11,11);  (11,13);  (12,15)
(72,68);  (24,30);  (25,40)
(54,60);  (42,45);  (70,75)

(84,63);  (60,72);  (48,56)

(180,240);  (198,242);  (135,315)

[ 36;
[ 45
[99;
[12;

[ 144;

[10;
[24;
[11;

[ 1224;
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18 20]
42;  60]
18; 18]
63; 784]
3,  121]
6;  104]
10;  24]
60;  36]
143; 60|
120;  200]

[540;  630; 1050]

[252;

360;  336]

[720; 2178, 945]

Let G and L be the greatest common divisor and least common multiple, respectively, of the following pairs

of integers. Compute L — G.
(2,3); (2,4); (10,10)
(2,10);  (14,7);  (49,7)
(18,32);  (12,33);  (20,30)
(48,50);  (56,44);  (36,168)
(75,100);  (6,111);  (30,64)
(60,84);  (36,24);  (65,91)

(55,66);  (91,14);  (76,57)

(3003, 3230)

11

[5: 20 0]
7, 42]

129;  50]
612;  492]
219;  958]
60;  442]
175, 209]
[9699689 ]
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1.3 Fractions

A fraction is the ratio of two integers, the numerator and the denominator, where the denominator is non-
zero. An integer may be thought of as a fraction with denominator 1. A fraction is reduced if numerator
and denominator are relatively prime, and the denominator is positive.

19 36 36 2-18 2

is reduced; — is not reduced, because — = —.
54 54 3-18 3

To reduce a fraction, one divides numerator and denominator by their greatest common divisor. With

reference to the above example, ged(36,54) = 18.

The following identities are helpful in handling negative signs:

_—e_ @ (1.3.1)

Equality of fractions is defined in terms of equality of integers, as follows:
= - = ad=bc b,d #0
and similarly for #. Inequality of fractions is handled similarly:

a<c <= d<b bd >0
b d aasve ’

and similarly for <, >, >. For example

144 89

— < — because 144 x 144 = 20736 < 20737 = 233 x 89.

233 144
In this example, the closeness of the integers in the right inequality (they differ by one part in twenty
thousand) translates into the closeness of the fractions in the left inequality (they differ at the 5th decimal

place)
144 89
— =0.618025751... < 0.618055555... = —.
233 144
Every fraction can be written as the sum of an integer and a fraction lying between 0 (included) and 1
(excluded), which are its integer and fractional part, respectively. The fractional part of an integer is zero.
19 4 21

=3+ —3+1 6—0+2
5 5 6 2 21 7

We discourage using the notation 3% for 3 + %.

The integer part of a fraction is the quotient of division of numerator by denominator; the fractional part
is the remainder of the same division, divided by the denominator. Thus integer and fractional part are
computed via the long division algorithm. Before performing long division, make sure that the fraction is
reduced. For instance, in the second example above, the fraction 21/6 is first reduced to 7/2; the division

7 =+ 2 then gives quotient 3 and remainder 1, hence the result.

12



Knowledge of the integer part of a fraction affords a crude estimate of the fraction’s size

1744 19 1744
— =75+ = = 75 < ——— < 76.
23 23 23
Because 19/23 > 1/2, the integer nearest to 1744/23 is 76.

A number with terminating decimals can be written as a reduced fraction, as follows

41 704 176
71=71x107" = — 704= —=—.
10 100 25

6/2/2018

However, a reduced fraction has terminating decimals only when 2 and 5 are the only primes which divide

the denominator

1

—— = o =0.00078125
1280 25 x5

Thus most fractions do not have terminating decimals.

1
7= 0.142857 142857 142857 142857 . . ..

Simplify.

6. 169

4’ 4’ 12

6. -8 13 [-2.
-4’ - 12’ -1 2’
21 2l E
15’ 20’ 28 5’
B 12 13,
15’ ' 11 15’
2.6 70 B
337 567 60 37
o122 E
35’7 54’ 99 7
180 70 - 240 E
450" 420’ 360 5’
84 96 97 [
60’ 93’ 93 5’
91 216 112 [13,
63" 264’ 118 9’

13

3
4; Z]
2
5 13
) 3
4 Z]
1 12
711
9 7
8 6]
4 3
3’ ﬁ]
5 2
3’ §]
32 97
317 93
56
1 59
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Decompose into integer and fractional parts. Simplify first.

10 23 g; % [1+;; 3+0; 0+%]
11. %3; %; % [0+1i3; 1+1—13; 2+%
12. %g; ?; 277 [1+é; 16+%; 3+g]
13.* % %; % [2+§; 1+§; 3+§]
14.% %; %O; % [13+§; 14+§; 6+%]
15. %; % [2+ﬁ; 0+%]
16.%* %; % [47+133; 86+§]
= %; % [76+% 84+%]
Determine the integer nearest to the given fraction.
18. %; %; % [o; 1 1]
19. %; %; %) [1; 20 11]
20. L;’; 7173; % [3; -2, 9]
21.% %; —%; ;%8 [ -4 4]
929 * 1—;1; %; 74—797 [16; 16; 16]
23. %; %; % [, 1 1]
24. %; 22%1; % [3; 9 41]
925+ 3228; 1;0; 1‘;’(1)4 [147, 53, 137]

14



26.**

27.%*

28.%*

29.**

30.

31.

32.

33.

34.

35.

36."

377

38.*%

39.

40.
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%1; _%; % (31, —143;  31]
1:29; 1(;137; 2228 [126;  90; 100]
151957’4; 2821; 11211 [117; 87, 3670]
000 00T 76 [ 2 4]

Sort in ascending order.

23 713 [§ <2 T E]
3’5 59 553 5579
218 16 23 [§ 21 16 ﬁ]
13’5 3°4 5513 3 °71
200 41 66 200 66 41
% 3y =< p <]
37 13 13 7 3
77777 TN = < 7]
2510 10°5°2
35 6 [§ <5 §]
77913 751359
Tz B
475 75455
5 8 13 [E 13 §]
813’ 21 13521 8
22 31 19 3122 19
7°10° 6 10°7°%6
35 58 93 [@ <8 35
3°5°8 5 08 °3
4181 6765 10946 [ 6765 _ 10946 _ 4181]
6765° 10946° 17711 10946 ~ 17711 6765
Write each decimal number as a reduced fraction.
3 3 6
15 0.75; 1.2 [5, ot g]
111 1
0.125:  2.2:  0.01 [g, = 10

15



41.

42.

43.*

44.*

45.*

46.%*

0.15;  0.02; 1.02

8.1; 82  0.08

6.04;  0.605;  0.0025

50.1;  0.051;  0.0015

3.56;  8.96;  0.512

3.141592;  0.000128

0.0009765625

16
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(2, LA
20’ 50’ 50
[§1. 41. 2 ]
10’ 5’ 25
B 1
25"’ 200’ 400
EUNC T
10’ 1000’ 2000

[0, 24 6
25’ 25"’ 125

[ 392699 2]
125000° 15625

1
o2
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1.4 Arithmetic of fractions

We define arithmetical operations among fractions. Addition and subtraction:

a c_ad+bc a c_ad—bc
b d  bd b d  bd
Multiplication and division:
a ¢ ac a ¢ a d ad
- X - = — _ e = = X - = —
b d bd b b ¢ be

Exponentiation:

When adding/subtracting fractions whose denominators are not relatively prime (their ged is greater than

1 —see section 1.2), one should use the reduced formula

L L
a—*c—
a c b d
-+t -= ——; L =lecm(b,d).
b d L

The following example illustrates the usefulness of the reduced formula

8§ 9 8:4-9.3 5

= - "= 84 = lem(21,28).
21 28 84 84

The same calculation, with the basic formula, would give

8 9 8-28—-9-21 35 5
- = - - = 588 = 21 - 28.
21 28 588 o588 &4

Before multiplying fractions, check the possibility of cross-simplification

da c ¢ 40 17 1

= - — X — = —.
b ad b 51 80 6
Make sure you are fully comfortable with the behaviour of fractions with respect to sign change —cf. equations
(1.3.1)

3-2 3-2) —(3-2) 3-2 2-3  3-2
Co1-7 —(11-7 11-7 7-11

-7 \11-7 -

When evaluating arithmetical expressions involving several operators, multiplication and division are per-

formed before addition and subtraction, e.g.,

a ¢ e a c e\ a cf
b df b d f)] b de

Expressions within parentheses are evaluated first; with nested parentheses, evaluation begins from the

innermost one

1 2 2 7 14| 1 29 129 30
x2S les— (=) = |-xo x| =] ==+ == =2
l4 < 3)] (5 3) l4 3] 5 ( 15) 15 15 15

Keep fractions simplified at every stage of a calculation

17



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Evaluate, eliminating parentheses first.
205—-7T+3x9
—14+54+9%x2-6+30+6
—7—-3x5+42-5

35 +7+2x8-3-18
3x9456/8—20
—50+5—-T7T—-2x9+7x%x5

4442/6 —35/7+ 10— 11
(27T—=74+5)—(10+3—-2)+1

21+ (11-943)—-10—-(3+15—11) +8
164+ (=34+9+4)—(7+2)-7

49— 214 (7T-3-1)—2/+(4+7-2)

104+ [7—(3-2+4)+(8—5)] —(20+2— 18— 1)

19+ [(15-5+2)—8+(8+4—-9)—7—19
21+ (10 +3—8)] —[10+ (8+4—5) —8 —7
(18418 +3—8)+ (15 -27+3—2)
(13416 +2—8) — (5+7 x 3 — 20)

15— (4+25/5—3) + (7 x 2 — 10/5)

Multiply, cross-simplifying first.

3,33
475 9

18
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

2 50 20 15
40 © 16’ 45 10
3 101 65 58

005 290713

wl o
X
|
X
|

24 81 25 2

X — X — X
5 30 36 45

Divide.

6.2 2.4

1 3’ 5°9

r.T 6.8

10 ° 5’ 515

3.9 8.4

8 ° 7’ 73

2.6 9.5

311 10 "7

8.9 8. 12

44 ° 11° 26 52

Add, subtract.

T D T RS
3’ 2 3 8 12

3.1 1.3 3 5

8 4’ 15 5’ 4 12

6 10 14 11 13 39
12 7200 4233 39 13

AT 5T 96 15
119 19’ 84 31

1,4 250 08,5 11
4 5 3 6 4 12 20 4
Lo, o, 122
2 6 25’ 4 16 9
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19

[0
273

13
15

43
72



37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

ol.

52.

22
420

Evaluate, eliminating parentheses first.

4 (3.1
5 \4 2

[(s,us
5 30 15

FEvaluate.

11
2 _ _ .
X(2+4>’

DN =
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[,ﬁ

19
-

[

59
(50

]

ol o

(5]

W =

[\
N Lo
[R—

34
63



53.

54.

55.

56.

o7.

58.

59.

60.

61.

62.

63."

64.*

9 2), (31 12), (BL0) (41T
2 5 36 )’ 10 5 68

(40 50 90 A1 22 1L
50 40 200 55 33 165

3L\, (2 1), 6 4 (12 (1) 12
4 2 3 2 5 5 15 7 7

1,3 7, N, (L, 1, 1) 4 2] 10
4 2 5 24 30 20 5 b 7

R I 6 SN A R U S SRR A RV PR A
32720 2 4 16 75 2 5

SR OO
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3’ 8

a5

(5]

N Lo

[, 169, 16
27" 36’ 81

36 8000
U %% o7



68.7*

69.**

70.%*

71— (1—

72.%*

73.%*

T4.%*

75.%*

76.%*

77T

78.%* - 2.

79.%*

80.**

81.**

82.**

i_EX 4—§ _§_|_ §2X zxz+i
0T 27) 3 \8 179712
H—i—l §2_ 9_3 é ;g
33/ 5 5 12)\3)| 75
E_EX i—i—i_i; 1_§ 2_1 XE
126 14 21 30"\ 20 5

T,
3

(8 () -G 5569

() e Grnm) ()
n %)

3
*§+1 X *%x oy (-
7 3 7

“\"s "2 2+zx§2_g
’ 5°5°7) 20
+ o 1—|—7 + _l_é % 2_4 . _2 X 1
. 5 2 7)7\4 5 5 1
1+i §2 19 ><1—|—§ X £x4 _i_y_l
1079 36|77 5Xz) Tots
o [(L_2 BRI ISR 200 U FE TR AU A R 1
375 372)7 30 2 575°7) 10 20
28 13 1 |, 2\.8 (3 T 7.5
3718 7 ) +3+(3 L]
1 2
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I.5 Arithmetic of square roots

For a > 0, we define \/a via the equation (y/a)? = a, and the requirement that v/a > 0. The most famous

square root of all is
V2 = 1.4142135623730950488016887242096980785696 71875376948 . . .

Very little is known about its digits, besides the fact that they will never terminate or repeat.

We have the basic identities
Vavb=+vab = a,b>0 (1.5.1)

from which we deduce

V& = ava= (Vi) =a \fffff

The expression /a is also called a radical, or a (quadratic) surd, while a is the radicand. An integer is
square-free if it has no square divisors, that is, if all exponents in its prime factorization are equal to one.
A convenient representation of a radical is obtained by extracting all squares, leaving a square-free kernel

under the square root sign
V125 = V53 = 5V5 V84 =122.3.7=2V21.

Radicals can be removed from the denominator via rationalization

\/g: ib:@ 1 a—Vb a—Vb

a+vh  (a+VB)a—-vb) & —b

1 120 30 3
W \f \[ 7
Examine carefully each step of the following rationalization
V63 3T 3V7 (5 +2V7)
10-4v7 2(5-2V7) 2(5-2V7)(5+2V7)
3(144+5V7)  3(1445V7)

1
2(52— (2V7)?) 2(25-28) —5 (14+5V7).

Thus

To estimate the size of an expression involving square roots, we sandwich it between two consecutive integers,
and then square it
n < 3V13 < n+1 — n? <913 < (n+1)2

and since 10% = 100 < 117 < (10 + 1) = 121, we find n = 10. This gives 10 < 3v/13 < 11, that is, 10 is the
largest integer smaller than 34/13, and 11 is the smallest integer larger than 3v/13. Suppose now we want

to estimate the expression
29 — 3v13
7
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10.

11.

12.

13.

14.

15.

16.

17>

18.*

6/2/2018

which involves the same radical term 3v/13. From the above we have, changing sign, —11 < —3+/13 < —10,
that is,

29;11<29—73\/E<29;10 . 2+;1<29—3\/ﬁ<2 5

Simplify.
VB VB (V5 3 2v3]

D% VT (2 (=3) (7, -7 9]
V30, V/80; V1000 [v30;  4v5  10V10]
V2’ e (vE) [2v2 25 7TVA]
V63, V08, V108 [3v7, v 6v3]
VB0, V125 /243 [2v15;  5v5  32V3]
VBVE,  —VBVE Vo3 (VoL -4 3va]
VBVIT,  VBVID, V363 [V66:  2vT5: 13V
VAVIT,  VIIVET,  VIBVES (V33 76  5va9)
(V6vI2)'s  (vavar)’ [432v2 162V/6]
VBVIOV20 VB0 v2V5 V5v2 VY10 [200v2;  10]
Simplify.
1353 —TVE+4VE+5VE  15V2+7V2 - 13v2 [-v3: 2v5: 9v2]
6v32 —8v50;  6vAS —7v2T; /128 — V08 [-16v2:  3v3; V2]
2V8+5v2  4v3+6v12 V75 + V300 [ova:  16v3;  15v3]
VI0S +V147; VB0 - V45 3125 +5v20 — 2V/45 [13v3; VB 19v5]
V23 VB—VIZ V160 + V170 [V2— V3, 2v2-2v3;  4/10+ VIT0|
V3010 — V3 - V75 [14v3]
V21168 [84v3]
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Determine the largest integer smaller than the given expression.

19. V2 V3 V5 [ 1 2]
20. V8 VIL VIO [20 3 4]
21 V35 VIO, VA5 [5: 6 o]
2. 2V2 23 2T [2 3 5]
23, 3v6:  6vZ  10v2 [7; 8  14]
2. V243 20vV3-5 Vi22-11 [4; 20, 0]
257 TV3+1; 3647, 2/1T-1 [13; 14 7]
26 10V2+10;  7v2V3;  3V/13-15 [24; 17, —5]

1
27 VT2 17 17—, 100 + 7o [17; 120, 10]

Simplify, removing radicals at denominator.

s L, 3. V8 (2 s 2
V2 3 V6 2 3
1 |2 3 1 1 1
v, B o VI Lo, Y10 L]
V40T V18T V20 20 6 10
3 12 27 1 2 3
o w \w \m i 5 5l
Simplify to the form r/d, where r is a fraction, and d is a square-free integer.
1 1 10 9
2. V-l 6V6-9— [Svin 5ve]
1 V6 17
33. 7\@+3\ﬂ, —3VI2+ [5va -5v3]
1 1 1 22 5
34. 5\/§+7\/;, /3 A\ 18 [3\/?7), *E\@]
- 2 J1o 11 (Vi Ve
: 7 147 V20 V45 147 30
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36.

37.

38.

39.

40.7

41.*

42.*

43.

44.

45.

46.

47.

48.

49.

50.%*
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81 49 /81 5 2
- F+4\/6’ 5\ [5\@7 —g\/g]
42 2

6 V7. V5 V3 Y22 )
7 V6 21 35 42 105

7 1 5 1
ute t! [5v5]
5 1 |49 7
e —— 4= NG
5 vm s [3\f]
7 (3 [36 10
57Tz 21V2]
45  3v/8 10

2 1

Vovat - |2 ]

Simplify to the form r 4 s\/d, where r, s are fractions, and d is a square-free integer.

(V2-v3)% (V84 V18)? [5-2v6;  50]
V3(V3-12%  (V5+V6)? [-6+4v3;  23V5+21V6]
2+V8 1 ) V2, 16
W <1—\/5> (V5-1) [1+7’ 8—3\/5]
1 V15 1 135
(-3 () ;2
(1- V)1 +V3); (32\[5) (3_;5) [ 1]
1 Y 1 11 6
V31 <3_fz> +3vs 5V
1+v6  V19-17 702
1-v6 17— V19 [_5_5\@; -1
Simplify.
(1+V3)° [76 -+ 44v/3]

28



51.%*

52.%*

53.%*

54.%*

55.**

56.%*

57

58.%*

59.**

60.**

61.7*

62.%*

63.7*

64.**

65.%*

VB0 3V5-7

4—-V2V3
- V946

—V14+ /18
V8 (VT —2)

V50— (V10)'
Va5 Va0

V2v15v20 — (V6)?

—5+2V6

1 V- VBV
VB (V2 Va?

—V24 46

(=3+V6)*

(V8)® - V8
V8s +1/81

_1 2
7-3v2v3\/ 3

v2ve 1

533 3

1 15
2W2-3) V50

5 33
27 215 — 7

V3 V7-3

5 ()

29
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[0]

(Y82

2

(22 + 2v5]
[ S+ Y8

(=L

5(1 +V/10)
[~

[ 48 —20v/6]

[ 18— 7v6]

[ 12+5x/6]
3

(221

[18+7\/6
15

[ 27+16\/§]
B 3

[17+217f2]

[30+7\/ﬁ]
3

[T



66.**

68.7*

69.**

70.**

T1.**

72.%%

3.7

T4.%*

75.%*

76.%*

77T
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49 4 9
(\/%_\/Z>3+\/5 [—34—5\/5]

vT?{ﬁ?f

33

Vav3 Vi3 T+ V6)]
3 1 ’ [—15+4f]
5\V15+3

30 1
V5 (V3 -2)? [-7-2v3]
211 [5+xf7]
V63 5+ 2V7 3
1 (V63-14 [11+8\@]
V28 \ 5vV2 -7 2

1 [\/6+2]
6 \ﬁ_\ﬁ 2

1 [7—15\/5]
7+3V5 \ﬁ 4
(V5)* — V5 BRENE)
(V5)® + (V5)° 25 25
7@ @_2\/3»0\/5

VT3

V63 [—6—3v6]

1

—Vv1400 V24/28 6\ 2
(\5f7+\/§)2_ 421 [(5> V]

V6

V42 618 2-6
(7\[74-\/5—2\/%\/5) V549 [2]
(7= V79) (3 — V10)? (19 + 6/10) (1]

(9 —V79) (8 +V79)

s e (a5

(34 v2)(5 - 4v2)(5+2v2)(9 — 7vV2)(5 + V2)(7 — 6V2)(7+ 5v/2) + 7-17-23 [0]

30
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1.6 Estimation

Numbers are typically written in base 10, using both positive and negative powers
z=302.0574 = 3x 10 4+0x 10" +2x 10°+ 0 x 107" +5x 1072+ 7x 107 + 4 x 10"
From the above, we infer that
302 < x < 303 x =~ 302.

Expressions of this kind are estimates, which provide approximate information, stripped of irrelevant details.
Whereas the expression 302 < x < 303 is precise, the expression & ~ 302 is vague, yet meaningful in an

appropriate context. Thus, if less accuracy is required, we may write x = 300.

Multiplication by a power of 10 amounts to shifting the decimal point
123.45 x 107* = 0.012345 123.45 x 10* = 1234500.
The scientific notation of a number x # 0 is given by z = +a x 10*, with k integer, and 1 < a < 10

—0.00432 = —4.32 x 1073 4100000 = 4.1 x 108.

The simplest estimates occur with expressions where some terms are much smaller than others, and therefore

can be neglected
4.15 x 10% + 3 x 1075 = 415.00003 == 415 4.15 x 10 + 3 x 10% = 4150000300 = 4150000000.
Here the quantities we neglect are 3 x 107> and 3 x 10%; they give the same relative contribution, while being

vastly different in magnitude.

If there are no obvious terms to neglect, we have to specify the accuracy. Let
x = 0.02799101. ..

By an estimate of x with a given number n of significant digits of accuracy, we mean the following

estimate

0.02 <2 <0.03

0.027 <z < 0.028
0.0279 < z < 0.0280
0.02799 < x < 0.02800
0.027991 < z < 0.027992

132 S SGEY JURY NCRR

When determining significant digits, the leading zeros are not counted. This is evident using scientific

notation

123
9990 =0.0123123123123 ...~ 1.23 x 1072 ~ 1.231231 x 1072,

The decimal representation of a number with a finite number of digits is non-unique. The simplest example
is
1 =1.0000000000. .. = 0.9999999999. ..
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where we exploit the fact that a number with finitely many digits really has infinitely many trailing zeros.
30 =30.000...=29.999...
700100 = 700100.000. .. = 700099.999 ...
2.003 = 2.003000. .. = 2.002999. ..
1073 = 0.001000. .. = 0.000999 . ..

Subtracting a (relatively) small quantity from a number with finitely many decimals leads to a related

phenomenon. Consider the following examples with great care
5-107'=4.9
5—1077 = 4.9999999
5—17x 1077 = 4.9999993
8000000 — 10° = 7900000
8000000 — 6 x 10* = 7999940
1073 —10™* = 0.0009
1073 —107% = 0.000999

The coarsest estimates are exponential: they provide order of magnitude information. Let n be a non-negative

integer, and consider the following inequalities
(i) 10"l <ax<10m (@) 107" t<z <107

In (i), the integer part of z has n decimal digits; alternatively, 10"~ is the largest power of 10 smaller than
x, and 10" is the smallest power of 10 larger than x. In (i¢), the fractional part of « has n + 1 leading zeros,

etc. In the following examples we have n =5

10% < 12345.333 < 10° 107 < 0.00000997 < 107°.

A simple estimate of a fraction is obtained by computing its integer part (see section 1.3). The value of a
fraction increases by increasing the numerator or by decreasing the denominator, and decreases by decreasing
the numerator or by increasing the denominator. If these increments are small compared with the size of
numerator and denominator, then the change in the value of the fraction will also be small. For example,

for large m,n > 0, all fractions below are very close to each other

m m m—+1 m—1 m m
— — (1.6.1)
n n

< <
n+1 n n

To find out how close they are, we compute their difference. So, for instance

m+1 m 1 m m m

n n n n_n—i-l:n?—i—n.

and in both cases one sees that the right-hand side is small if n is sufficiently large. (Think about it.)
Inequalities such as (I1.6.1) are useful for estimation. For instance, let us estimate

14999 45000

rT=———X —.
901 5001
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10.

11.

12.*

We find

14999 . 15000 50
901 900

Thus

50
x<§><9:150,

The following estimates are often useful

210 = 1024 ~ 10°

and hence 2 ~ (22/7)% = (484/49) ~ 10.

and indeed

45000 45000 45

- < — =
5001 5000 5)

x = 149.9600. .. ~ 150
22
T=31415... = - =3.1428 ...

Write as a decimal number.
0.81 x 10%  0.81/10°
1.1x10% 1.1x107?

653 x 1073;  0.041 x 107

37.501 4+ 1072; 20000 + 9 x 102
10°4+107°%; 2 x10% —103

6.999 +1073;  3.005 + 50 x 10~*

23 123
100’ 10000

4000 33 x107°
10° 10-*

Write in scientific notation.

1; 10; 0.1

300000;  0.003;  0.99

12;  3.456;  0.00088

10.33 x 10%;  0.0074 x 1073; 50 x 10°

[0.653;
[37.511;

[ 100000.00001;

[1.23;

[1x10% 1x10Y

[3x10°% 3x1073

[1.2x 10" 3.456 x 10°;

[1.033x 10% 7.4 x 10°5;

33
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0.81]

0.011]

410000

20900 |

1999000 |

3.01]

0.0123]

33]

1x1071]
9.9 x 107!]
8.8 x 1074]

5 x 10° ]



13.

14.

15.

16.*

17.

18.

19.

20.

21.

22.%

23.%

247

25.7*

26.

27.

28.

29.

30.

31.

32.

Sort in ascending order.

0.2, 0.03, 0.004, 0.0005

1001001, 1000101, 1010001, 1000011
0.1, 0.09, 0.11, 0.101

67.9, 67.909, 67.8999, 68.01

Estimate x to the accuracy indicated in square brackets.

r=3x(33x10°+1) 2]

90

T =2 X 50001

x 100 [2]

2 =4x10°+550 x 103 +501 x 102 [2]

10t =107t
T= 8 2]

22 x 1073 +20.02 x 1072
z = 5 2]

r =108+ 15 x 105 +85 x 10*  [2]
z=1000 x (1071 +2x 1072 +3x 1073 + 4 x 107%)
r=10"410"°-10"1  [1]

r=100+10"% - 1071 [7]

Determine the largest power of 10, smaller than the given number.

9; 12; 99
101777, 9999; 1073741824

101 x 102; 44 x 10%; 8000 x 10~2

27. 220

b

24.

b

60 x 170; 312, 322

201 199

- x 10; - x 10
401 501 8001 51
20 100’ 20 20

34
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[0.0005 < 0.004 < 0.03 < 0.2]

[1000011 < 1000101 < 1001001 < 1010001]

[0.09 < 0.1 <0.101 <0.11]

[67.8999 < 67.9 < 67.909 < 68.01]

[9.9 x 108 < & < 107]
[20 <z <30]
[106 <& < 1.1 x 10°]

[9.9x 1078 <z < 1072]

[0.11 <z < 0.12]

[1.1x 108 <2< 1.2 10°]
[123 < 2 < 124]
[1<2<2]

[ 1.000009 < 2 < 1.00001 ]

[10% 10%;  10!]
[10% 103  10°]
[10% 103  10]
[10%;  10%  10°]
[10%  10%  10°]

[103,  10]

[102,  10°]



33.F

34.7

35.%

36.%*

37.%*

38.%*

39.%*

40.**

41.%*

42

43.%*

44

45.%%

46.

47.

48.

49.

50.

39001 y 190 9999 o 1000
13 570’ 2000 51

40001 _ 1500 59999 300

20~ 2999 30 61
4499 100 3000+1 600
15~ 3001’ 1800 10°
42000 + 1 1 1072 %999
X ; 5— X 2
70 59999 8001
6001 800 o1y 14999 1
15 ~ 299’ 300 ~ 51
20 5
_ -5 = v
(2100 — 1075) x 201 % 7003

1250001 x 10* y 1
50 x 10 4992

2
3 x 25001 x 5999

( 7 > 2000001
94+ X

107 180

, 30001  7x10°
X X
42 499

96001 1 2
5 X —7
600 x 10 4-10

42001 1 1

2% 102 6999 ~ 3

10~

24 — 1 X 44147 X 19%
10% 12001 = 2

Determine the largest power of 2, smaller than the given number.

5 123 15
31; 32; 33
150;  200; 250
300;  400; 500

1000;  2000; 3000

35

[10%
[ 103;

[10%

[10-2;

[ 103;

6/2/2018

]
]
]
10-7]
]
[1072]
1]
1]
[17°]
[10']
[10-4]

[10-2]

[10°]



51.*%*

52.**

93.

54.

55.**

56.%*

Determine the number of decimal digits in the integer part of the given number.

6/2/2018
[29; 911, 212]

[213; 915, 223]
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Part 1I: essential algebra

II.1 Monomials and polynomials

We begin with some basic identities

x(y+z2)=zy+uzz

(z +y)* = a® + 2zy + ¢

(z+y) = 2® + 32%y + 3xy® + o (T1.1.1)
ot —y? = (z—y) (x+y)

o~y = (z —y) (¥ + 2y +1°)

from which we obtain

(—y)* = (¢ + (-y))* = 2® — 22y + ¢

(= y)* = (z+ (-y))* = 2° = 3%y + 3uy” — y°

2’ +y’ = (2® = (—y)°) = (@ +y) (@® — 2y +y°) (IL.1.2)

ot =yt = (%) - (17)%) = (&% =) (@ + ) = (@ —y) (@ + y) (= +y°)
(x+y+2)?2=(x+@y+2)>=2?+y°+ 22+ 20y + 222 + 2yz.

Given two polynomials f(z) and g(x), we can write

f(x) = g(x) - q(z) +r(z)

where ¢(z) and r(x) are polynomials, and the degree of r(z) is less than that of g(z). The polynomials
q(z) and r(z) are called the quotient and the remainder, respectively, of the division f(z) + g(x). They are

computed with the long division algorithm.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Multiply.
A’ (2%)% 0 (ay)’?
(==%)%  (=2%)% —(2%)?

(ab?c?)%;

() () (24)
g(‘ﬁﬁ%uﬁ%

Collect like terms.

(—aba?b)?(3bcbe)?

—1— 322 — 822 + 4z + 3 — x + 4a?
2a° — 3a® + a® — 3a® — a® — 2a° + 54’
4ab + ab? — 2a — b* + 3ab — ab® — Tab
—3x22y — 8x%y + day® + 2 — xy? + 42?y

Ad? — Ad+3c2d — 2¢*d? + 3¢2d — ed

ab a 3
o by g
a’b? 2a3 3 9 a’b? 9

oL % 193 o
26 15 38 5 10

Expand, collecting like terms.

(—a=0)?%  (2z+y)’
(—a+0b)?  —(xz—3)?
(—aB+1)% (=60 + 352 — )2
32(2z —1)%;  (ab® +5)2

(a® + 3b)(a® — 3b?)

(d®+5)(d®—5);  (Ta®+2)(2 — 7a?)
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[Cs; 25 23 y3]
[—mﬁ; 28 —xﬁ]
[—21 a’b3; 4x3y4]

[a4 b8 12, 97 46 h10 C6]

[%x?’y?’z?’]

[a®57]

[ 722 + 32 + 2]
o]

[—2a — 2]

[ 722y + 3212 + 2]

[—cAd2 + 263 + 32 — cd
5
[—gab]

[—1—72(1262 + %asbz]

3. 1
[4a—5b—§]

[a2+2ab+b2; 4x2+4xy+y2]

[a2 —2ab+ 1%, —a2+62—9)]
[a268% =208+ 1; 4962 — 42062 + 95* |
[3622 +9—362;  a?b'® + 10ab® + 25]

[a® —9v*]
[d6 —25;  4—494%]
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36."

37.F

38.%

39.7%

40.**

41.%*

42.%*

(—n—9m)(m32%2 —n); —(=5a’b® + 7¢8d7)(5a°b> + 7c8d")

(22 +z+1)(2%2+1—2)
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[n2 — 81m?; 2501005 — 49012d14]

[m4—|—x2—|—1]

(22 +2+1)2 [x4+2x3+3x2—|—2x—|—1]
(=3x +y +52)? [9x2+y2+ 25z2—6zy—30xz+10yz]
(5 2a)® [125 — 1504 + 6042 — 8a? |

(2m3 — 4n)(3n + 5m?)

(5+ 3t)(2t* — 3t —t — 2)

(422 — 322 +1)(=32* + 52 — 19 — 22%)

Compute (q,), the quotient and remainder of polynomial division
(z-1)+1=-2); (x+1)+(x-1)

(z=1)=+(z+1); (-3242)=(2+2)
2b—1) =+ (3b+1); (~Tc+3) =+ (3c+4)

(@>=1)=(a+1); (a®>+1)+(a+1)
(22 = T2 +3) + (z +2)

(23 +28) = (z + 3)

(=2'0+1) + 2

(y* = 16y* + 3y) + (4 +y)

(=25 -3k + k%) = (5+ k)

(@P+at+2®+22+2+1) = (z+1)

(323 —x—1)+ (22— 1)

(523 — ) + (3z + 1)

Compute the remainder of polynomial division
(—2* +322+22—1) + (22 +2)
(=23 +1) + (22 -3)

39

[ 10m? + 6m3n — 20m2n — 12n? ]

[665 + 1064 — 9¢3 — 182 — 11¢ — 10

[ 1922 —19]

[(_170)? (172)]
[(17_2)5 (_378)]

(G3) (55)

[(a—1,0);

(a—1,2)]

[(2—09,21)]

[(m2—3x+9, 1)]

[(=2".1)]

(% + 42 +3,12)]

[(k—8, 15)]

[(3:4+x2—|—1,0)]

3 3 1 9
[<2x2+4x_8’_8)]
5 5 4 4
[(35”299527’27)]

[22 —11]

[ 32+ 10]



43.%*

447

45.%*

46.**

47.%*

48.%*

49.%*

50.%*

51.%*

52.%*

53.**

54.%*

55.**

56.%*

57.**

58.**

59.**

60.**

61.7*

62.7*

63.7*

64.%*

65.7*

(x* =323 + 22+ 1) + (2?2 + 1)
(24— 32) + (=22 — 2z +1)

(24 =323 422 —4) = (22 +2)
(-2t =723 +1) = (—2% +2)
(3X*-3X —2) + (=X +2)
(—22* — 723 +2) = (z+3)
(4wd +wt —5) = (—w+1)
(2a* — 5a —2) + (—a® +2)

(3X*—-3X —2) + (=X +2)

Compute the quotient of polynomial division
(zt — 4z +1) + (z—2)
(z*—z+1) + (—z+3)

(' =y’ +1) = (y+2)

(3a% + 5a) + (a® — 3)

(=22* + 922 4+ 2) + (z—2)

4y =yt +y?+1) + (° +92 = 3)
(Z4 =273 — 622 4+1) = (—Z +3)
(25— 23 —1) + (22 - 32)
(a*—a*+a+1) + (—a—2)
(= +c+1) + (—c+3)
(2X° — X*+2) + (X3 -3X+1)
(2a* —3a® —1) = (—a+1)
(c*—cA+c+1) + (—c+3)

(2a* —3a® —1) = (—a+1)

[52 +2]
[—62+2]
[8:]
[—3 - 142]
[40]

[29]

[o]
[6—5a]

[40]

[ + 202 + 4z + 4]
[—2® —322 — 92 —26]
[ 4%+ 42— 2y +4]
[3a% + 50+ 9]

[ 20 — 422 4 2 + 2]
[402 — 5y + 5]
[-7% - 22 4372 49|
[23+32 1]

[—a® + 342 — 6a + 11]
[—¢8 —2¢2 — 6c— 19]
[2X2 - X + 6]
[—2a® + a2 +a+1]
[—¢® —2¢2 — 6c — 19]

[—2a3+a2+a+1]
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II.2 Polynomial factorization

We wish to express a polynomial as a product of polynomials of lower degree. We consider the identities
(I1.1.1-2) displayed at the beginning of the previous section. The first identity gives us the simplest tool for
factorization: collecting

6r%s — 8rs? = 2rs(3r — 4s).

Certain expressions with four terms can be factored by grouping (collecting twice)
zy+zz+wytwz=z(y+z)+wly+z) =(z+w)(y+z).

Thus
6a? — 14ab + 15a — 35b = 2a(3a — 7b) + 5(3a — 7b) = (2a + 5)(3a — 7b).

When grouping is possible, there are always two ways of doing it, by collecting terms in a different order
6a® — 14ab + 15a — 35b = 3a(2a + 5) — 7b(2a + 5) = (3a — 7b)(2a + 5).

Next we exploit the formula for the difference of two cubes

3a°b? — 24b° = 3b%(a® — 8b°%) = 3b%(a® — (20%)®)
= 3b%(a — 2b%)(a® + 2ab® + 4b%).

Certain quadratic polynomials can be factored using the identity
az® + (ac + b)x + be = (ax + b)(z + ¢

for which one must examine all possible divisors of the constant term bc. For instance, to factor the polyno-

mial 22 — 5z — 6 (corresponding to a = 1), we consider all divisors of bc = —6

Letting b = 1, ¢ = —6, we find ac+ b = (1)(1) + (—6) = —5, which is the coefficient of the term of degree 1,
giving the factorization 22 — 50 — 6 = (x + 1)(x — 6). By contrast, the polynomial 22 — 4z — 6 has no such

factorization in polynomials with integer coefficients.

Factorization gran finale: check each step carefully

a® — 2032 4 ab® = q (a2 — 20202 4 b?1)
—ala'?— b12)2 = a(a® — b%)2(a® + b6)2

a(a® — 6%)2(a® + b%)2(a2 + b2)2(a* — a2b? + b%)?

= a(a —b)*(a® + ab + b*)*(a + b)?(a® — ab + v*)?(a® 4 v*)?(a* — a®b? + b*)2.
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10.

11.

12.

13.

14.

15.

16.*

177

18.%

19.

20.

21.

22.

Factor, by collecting.

3+6x; T2 —Tx; —8x+ 622
% — 2y + 3x; —2% 4 26 + 424
—Tab — 2b%  ab3c — c(ba)? — b2

abede — abce?;  x2yt2S — a2ytz”
35t° — 21¢* + 14t% — 28¢

ym2 — y:r4 + ny — yacs

428 + 22% — 29 — 625 — 2% — 224
240 4 520 4 30 4 40 _ 9,20

(2a%b)? — 14ab* — (18b)a®b

abed — bede — cdef + defg

Factor, by grouping.
22 + 32z + 52+ 15

202 +2260+30+33
2?2 — Tz — 42 + 28

5622 — 242 +352—15
622 —14x+ 152 — 35
2622 — 20 + 392 — 30
2522 —10x — 352 + 14

1525 + 1423 — 3023 — 28

Factor, by examining the constant term.

2?2 — 3z +2; 22—2—2
22+ 172 +70; 3% — 17y + 170
22 — 3z — 40; 2% + 62 — 40
60 — 19y + % lda + 48 + 22

6/2/2018

[3(1 +2x);  Tx(x-1); —2z(4- 3x)]

[2(z—y+3); 42— 2+4)]
[-b(7a+2b);  b2c(ab—a2—1)]
[abee(d —€);  (a223)2(1 - 2) ]
[7e(5t* — 363 + 22 — 4) |
[y22(1 — 2 + 2% — 29)]
[ 247 (2% — 243 + 3) ]
[220(—1 + 210 4 2:20) |
[2ab2 (203 — 90 — 7)]

[d(abc—bce—cef—i—efg)]

[(z+5)(z+3)]
[(6+11)(20+3)]
[@-9@-7)]
[(82+5)(72—3)]
[(2z+5)Bz—7)]
[(22 +3)(132 — 10)]
[(52 —2)(52 — 7)]

[(1523 + 14)(2® — 2)]

[e-D@-2); (+D(E-2)]

[z +7)(x+10); (-7 (y—10)]
[(@+5)(x—8); (¢z—4)(z+10)]
[(y=15)(y—4);  (@+6)(x+8)]
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.7

40.*

41.*

42.*

43.*

44.*

—b% — 5b+ 24; 200+ 8 — a?
t? — 5t — 6; 2a%> —1la — 6
32?2 —da + 1; 522+ 1 —6

Factor, as a difference of squares.

x? — 422 a?b* — Ad°
ottt —1;  144p°® — 625
98k% —72; 2722 — 300
162 — 2¢%;  180p* — 20
3 — 9xy?; 12ab® — 3ab

Factor, as the square/cube of a binomial.

22 — 10z +25;  42% —4x+1

—t2 — 40t — 400; p® —30p + 225
s*+652+9;  —1+4+2t—1¢2

60x + 36 + 252%; 169 + 3622 — 156

—323 + 6yz? — 3zy%;  98t° — 28t* + 2t3
23 4+ 622 + 122+ 8

a®>—3a*+3ad°—af

—8a% 4+ 12a%b — 6ab® + b°

Factor

2 2%y? — 8a3y? + 6 22y?

k* — 7Tk* — 4k* + 28

20" —2a® +a® —a

cA3ab* — ba*c?

162* — y*

22 +125¢3

6/2/2018
[-0-3)b+8); —(a+2)(a—4)]
[t+1)(t—6); (2a+1)(a—6)]

[Bz—1)(z—1); (Gz+6)(z—1)]

[(@—22)(x+22);  (ab? — 2d®)(ab® + 2d%)]
(37 + )37 —1);  (12p° +25)(12p° — 25) ]
[2(7k + 6)(Tk — 6);  3(3x + 10)(3z — 10) ]
[20+0)(9—0c); 20@3p2+1)3p% —1)]

[x(x— 3y)(z +3y);  3ab(2b—1)(2b+ 1)]

[(-5)2%  (20-1)?]
[—(t+202  (p—15)?]
[2+3)%  —(t-1?]
[(52+6)% (62 —13)2]

[ 32— )% 2637t —1)?]
[(z+2)3]

[a*(1 — a)?]

[(—2a+1)°]

[2224%(x — 1)(z — 3) ]
[(k—2)(k+2)(k2=7)]
[ala —1)(20° + a +1)]
[abe® (b — a) (0 + ab + a2)]
[(22+9) (20 - y)(42% + 4?)]
[(z +5t)(22 — 52t + 25¢2) |
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45.%*

46.**

47.%*

48.%*

49.**

50.%*

51.%*

52.%*

53.%*

54.%*

55.**

56.%*

57.%*

58.**

59.**

60.**

61.7*

62.*

63.%*

64.*

65.%*

66.**

67.7*

68.7*

69.%*

ab — 1

48ca® — 27ab*c

TTxy — 222 — 21y + 6y

abcd + bede — cdef — adf e
25x3 — z(3y)? + 502 — 18y?
—6623y + 5523 + 6x%y? — 52y
24k + 81(mn)3

2702 — 27 0%y + 96242 — 6%+3
9y? — 22y? — 922 + (22)?

—2x 4 y* + 1823 — 9z?y*

2%y +22% — 9y — 18

23 — 422 — 9zy? + 363>
—10(m?n)? + 5m3n? + 5m* — 10m>
Tz —1—2823 4 (22)2

10072 — 25572 — 4s% 4 53

x— T — 423 + 2822

=1+ (5z)? + 252%y? — y?
64a® — 16ba? — 4b% + b°
2b(5a)? + 45ab — 70ab* — 63b*
oyt —x — (2y%)? + 4

23 + 81u2 — 9zu2 — 922

323 + 622 — (2y)? — 229>
1522 4 62 — 70z — 28

35a®b + 21a%b% — 10a® — 6a*b

2k3 — 18km?2 — k2 + 9m?2

6/2/2018
[(a —b)(a? + ab + 1?)(a + b)(a® — ab+ ?)]
[3ac (42 + 302) (402 — 30?) |

[(112 = 3y)(7y - 2)]
[cd(a+e)b—1)]

[ +2) (52 + 3y) (52 — 3y) |

[22(6y — 5)(y — 112)]

[3(2k + 3mn) (4% — 6kmn + 9m?n?) |
[ =7
[G=p)E+y)E-3)=+3)]

[(32 — 1)(3z + 1) (22 — y") |
[(+2)(+3)(z—3)]

[z = 3y)( + 3y) (@~ 9)]

[5m3(1 — 2m)(n? +m) |

[(1+22)(1 = 22)(72 — 1) ]
[(4—5)5r—s)(5r+35)]

[z + 1)z - 1)z —7)]

[(1+ 4252z — 1)z +1)]

[(4a — b)(4a +b)(4 - b) ]

[6(10a +9)(5a — 7b) ]

(= D+ D+ D@ —4)]
[(z=9)(z = 3u) (2 + 3u) ]

[2(32 — 12)(z +2) ]

[ (52 +2)(3z — 14) ]

[a(7b — 2a) (502 + 3b) |

[(2k — 1)(k — 3m)(k + 3m) ]
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m—2n m+2n)(3p—8q)]
70 3m2p — 12n2p — 8m2q + 32n2q [( )(

2 2)\(5q — b2
71.7% 5042 — 2b* — b5 + (5ab)? [(2+82)(5a+ b2)(5a — b?) ]

2N(d 42,2 4
& 30212288y [3(x—29)(a® + 2y +4y) (@ + 2y)(4y° — 2ay + 27)(2® + 497)(2* — 42%% + 16y |

45



6/2/2018

I1.3 Rational expressions

When manipulating rational expressions, keep numerator and denominator factored, whenever possible.

Remember the rules for sign transfer

a+b —(a+0) —a-1b (a+b) B (a+b)

(a—cla—d) (a—da-d) (a-ca—d) (c—a)la—d) (a—c)d—a)

and the useful identity
a’ a a (b+a)b—a)
1-=5]=|1+-]{1--)=—"—. 11.3.1

Simplify.
! ~a=b  1/a [afb. afb]
' —c—d’ 1/(b—a) c+d’ a
a t6 P 1 1
2@ w7 o w7
t—9 .CUO 9—3 _ —
3 73 % g0 [t 6. 22 6 ‘3]
2 2\° 10
a 1 a 1 a
b <a> ’ (—b) [1: pok 7b75]
5 26 5
2w 2°x 3, 4. -
AT 28 2ot 5
. —ab23 N\ @ \ 2 pil8
6. cb? —b'c [_ a ]
2,2 2 =3 5
2 (T2 Yz [_ x ]
' (1/y)° zy! v
- a3\ 3 N2 [_Clla8]
' c*a® v’ (1/a) b
3,-2\"2 , _ 2 -3
9.%* ( “ 1; ) ( (2/32 )U) —u3v25]
3 -2 4
*% -1 (_k/mg) m
10. (kn2> (m n [_k5n4 ]
P R N N VL [
' m (kn)? m'n k>
-3 3 3
195+ XZ 1 /Y [ 1 ]
’ (1/Y%)* X\z X0y3z12
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13.7*

14.%*

15.%*

16.**

17.%*

18.%*

19.%% g3

20.**

21.%*

22.%%

23.*7*

24.%*

25.%*

26.7*

277

Expand and simplify.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Factor and simplify.

Tr— 14y a®
2y—2 ' a®b—a°

3t3 + 122 + 9t
3t

212
62t — 527 + 222

— 8a*
244" — 3245 — 16a*

— 82°y? + 1221y + 3222y*
4a%y

202* — 2523 + 522
5x° — 5x

—2—z  16—y°

z2 -4 4 —y3
0> —20+1 q+3
-1 ' ¢ +6¢>+9q
a—>b

—a® + 2a%b — ab?

48
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[u2+g+i. l z_;’_l]
t 42 2
2 1 1 2 64

[2 -2+ —618+2—%]
[2- 5~ 5]

|- %]

[9#&-49%

[#2+ 4t + 3]

2
[6x2—5x+2]

1
| =i+

[y (=223 + 322y + 8y2)]

[x(4x— 1)]

[va 4+
1

L q(q+3)]
1

[a(bfa)]



44.

45.

46.

47.

48.

49.

50.

ol.

52.

93.

54.

55.

56.

o7.

58.

59.

6/2/2018

@] o

E

TR

ab? — b? 9
b—ba [—b(a +a+1)]
8e° — po* [ 930 — 1) ]
(80) + %0 B
3 1
S 1]
e (=’ + ) (f> +¢’)
Add/subtract and simplify.
6 s 136 (2, 1]
z z 722 TL? z’ x?
3z 15 6y 6
r—5 x—5 x—3+3—xy [3’ 0]
5 z—3 [4—:v]
50 —10 2—=x T —9
3 3 3(10t — 1)
5 —1 ' 5 [5t(5t—1)]
1 _ 1 [ 2—u ]
1—2u+u® u-—1 (u—1)*
(y—8)(y+2) 8-y 8-y
Tr4+6 S5 —2 [2m+8]
dr—1 1—4z 4r —1
¢ 16 [c2+16]
c—4 4-—c¢ c—4
k> 18
7t 2 [k —6]
22 Tx — 10
r—2 x—2 [x—5]
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60.

61.

62.*

63."

64.

65.

66.

67.%*

68.%*

69.**

70.**

T1.**

72.%%

73.%*

T4.%*

75.7*

76.7*

q 4
-9 4q-—12

3x2+8x—2_2x2+3x+4

z+6 z+6
2y—7  3y->5
v +8y+16 y2—16
11 P
b b

10y 2 3

2°—-32 y y—4

2 N t N 4
24t t+3 t?+5t+6

30 5 N 5
4a° -9 2a+3  3-2a

I y+7 3
y+3 P +Ty+12 y+4

1 3
y2—2y—15+y2—10y+25

a 4 a
a’—4 a*+2a a-—2

I y+4
y—3 2y°—by—3

m? 7 2 + m
mi—m? m —Tm+6 m-—6
x? 2r —3

x3—9x_x2+2w—15

— A? 1-A4
A2 -34-18 A+3

T 5 +x+1
x+1 2°—-3x—-4 44—z

3 n x
2—x—6  z2—3z-—10

1 1 2

9 _4
3.255:+2 2432 241
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3
[(3+q)(3—q)]

[o—1]

[—y —22y+48]
y+47%(y—49)

[ 4y +4 ]
(y+3)(y —5)°

8 — 4a — 2a®
[a(a+2)(a—2)]

[1+12y]

m? — 8
]

[ —2*+2x+9 ]
(x+5)(z —3)(z+3)

[ 6—TA ]
(A+3)(A-6)

=]

[ z2 —15 ]
(x —3)(z+2)(x —5)

[0 ]
(24+32)(z+1)
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77

78.7*

79.7*

80.**

81.**

82.**

83.**

84.**

85.%*

86.**

87.%*

88.%*

89.%*

90.**

91.

koo 1
B — 3k kK —6k% + 9k

4k 33—k
k2 —6k+9 3k—9

A 3A
2—-A 10+A4°-74

ko 1
k' — 3k K® —6k% + 9k

2 _ 3 _ 1
a®—9 a*+a—-12 a+4

3 _ 2
22—9 224x-—12

30 5 N 5
4> -9 2243 3-—2z

-z n 2z
22—52  22-32-10

3Y Y
9+Y%2—-6Y 3-Y

2 — 14z 4 — 22
1— 14z +492° 7z —1

y! y? —1

—16y2+y4 7y2—8y+16

1 _2r+2
22 —4x+3 1-—2°

4 y+7 3
y—3 Y —-Ty+12 y—4

2 T 202 + 4z —4

v12 213 Pi5r+6

Simplify.
+2 24 !
T ) 3a*
’ 2
—+1 — +1
x a
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3
o]

HESY

3
Ryl

2

8—a—a
[(a+4)(a+3)(a—3)]

[ r+6 ]
(x +4)(z —3)(z + 3)

[_221-?-3]
fess Teesl
| g
(=0

[ —8y +y+4]
¥4+y)

2x — 5
[(x—l)(x—?))]

2
[55s]

[3(1+2x). 1 — 6a* ]
1+3z *  3(2+d"
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a a +3
99 r Y. p p [a2_ 3p——2]
oy—x 2 p zy’  6-p
3_%
a 2
$3
r -—+c+9 48
s—t c 5 ' c
93. P C+5+% h(s+ﬂ, c+4]
s? — 2 c
1y 3 3 3(a—1)
woa (1) () R
a® +2a 9
g5 e [0+ 1]
ot ——r
a+ —
(2a — b)? + 2b(3a — 4b) — 4a® 7
96. —2p
2b(1 — b) + 202 Lo 2]
5a°b® — 2ab? b
97. — (5a%b — 2
3a (2a*b° + b) + 3ab (—2a°b* + 1) [6( “ )]
o (a=b)(a+b)(a®+) (a' +bY)
98. P [1]
o (a® —ab)(a® + a®b + ab® +b%)
99. T [a]
z’ — 813
100.** 2 _
00 (2 +3z) (2* +9) [x (z 3)]
2 1\ 1L 2
*k _ = 2 _ = a2 ) 2 _ = P
101. 3.2 l( Sy) gy ] T y(Sx 3y> [ Sx ]
2 272 2
o ro2sy _ (1. _2 220 _3 22
102. l(z 3 ) (27' 3s> ] 2r<s } 5 5 + (r 3> [r 3rs]
2 2 4
1 1 1 1 x
- —r—=) (= _-92) = Z_
) (=2 ) e ]
5
—-b
[5¢]

103.%* (I —
a axr
104, l

o 1 1
105. r §rs-— (4
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106.**

107.%*

108.**

109.**

110.**

111.%*

112.%*

113.%*

114.**

115.%*

116.%*

117.7*

118.%*

119.**

120.%*

121.**
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Br sV e () ey b L]
{a [(‘2’ - b> <g +b> - % (a2 — b?)] + gab} - (;’a) [gcﬂ + b2 —5b]
922 — (; - 3:17)2 + szy - %x(m - xy)} - <ix) [f% — 5ay]

:(_D (<30t —a2+1]

2 16 ,

[2a2b2 (3a2—ab)2+a4} + —a*(2a®b — a*) [ja b ]
4x 1 9 N _z 1
[(x+2y)(1:+y)—3(4y—1—3y2)—4x <y2—|—3> — (z* +2y )} : < Bxy) [ ]
x T —2y ? 9 [_x2—|-13y2]
{J:Qy—i—? 3x2< . ) + (22 +y)? — 622 + 62y | p + (=Dxy) T

(e 39) o (3= 30) -] [~601]

-] g
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11.4 Substitutions

A substitution in an algebraic expression f(x) is the replacement of the indeterminate x with an expression

E, for which we use the notation z := E (‘x becomes E’). This amounts to evaluating f(FE).

14 3z 2
f(z) = 5 Ti=——.

T a

To perform the substitution, first enclose every occurrence of x within parentheses

The substitution
(v) = Ty’ + 21y 4
90 === yi=—53

is only apparently more complicated. Indeed, after simplifying
Ty (1+3y)  1+3y 2

g(y) = 7y5 = y2 Yy = _?

we find the previous example in disguise.

Simplify all expressions before substituting

Evaluate at the given values of the indeterminates.

x? — 80y? {r:=9,y:=1} [1]
p* +pq— ¢ {p:=5q:=-4} [-11]
16 + 23y — 3ay? — 126 {z :=-2,y:=5} [O]
38a — 38b 14
a (2a — 3b) 2
—_ =—-1,0:=2,¢c:=4 ——
c(3a—1b) {a ) b  © } [ 5
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10.

11.

12.%

13.7

14.

15.

16.

17.

18.

19.7

20.7

21.7

22.%*

<x+2y\/5> (x—2y\/5> {z:=-7,y:=-3}

(a+ (a+ (a+b?)?)2)? {a:=—1,b:=1}

22° + 1 — a3 + ot — 325 {z:= -1}

1 1 1 1
*mrgow) {2
6> et 6 —q

3

r -y 2
L~y {y = —2?}
a® — 14a + 49 1

T—a “T %
144 2t

2,2 — —
v { 1 ¢ 1—£ }
z? — 2y? {z := 22619537, y := 15994428}

Evaluate the expression in curly brackets.

F(2) =142+ 2% +2° {F(-y)}

flx)=a®>—-a—1 {ff(b’l)}

Gly)=1+y+y>+93 {G(-3k*)}
MO =z -5 (h(-2/3)

X a
)

1 1-b

[3y3 —2v2 - 2|

6/2/2018

[1]
[o]

[1—3k2 4 9kt — 2749

[1]

2a+1
[_a(aJrl)]

Y
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237 Liy)="Y - ?/2;?43 (L(—a1)) [2‘;:23]
24 f(z) = —_33255%_1 {f(=5/a*)} [%]
B ga)= S EITIE 1)) [ ]
26.  t(a) = 2“2(;%12 {t(-2072)} [%]
o7 f(b):%_ _b+2<3/b (F(=3/x2)) [Xz(z;z)f‘*g—ﬁ)]
2.0 f(z) = 2_31_2 ((-2/0) )
30 h(z)=1— ﬁ_;m [h(~1/(30%))} [t +132 31 v ]
3L f(B) = % {F(=2/y*)} m]
-B+ 73
e f@ =g {f-2m?) [—W]
334 g(z) = —w + %x2 - %aﬁ {g(—22%)} [223 4 225 4 229
W r) = 1- {r(-1/2) -]
35. f(x):xif%?*x (f(~1/8)} [—9“r_9;—1]
S U S V) [EE
37 f(2) = 2zz—1 B : _21 (F-i2)) [lm]
385 J(k)= 1+ 5 8’“];3’“3 (F(—(2/X)2) [2xt - 2x2 1]
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[ 27 — 3m? +—ﬂ13]
m?(3 —m?)

a9
[ =]

[82(2 —-52)]

1—s°

4
72—

a2
[*m]

11
=50
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I1.5 Algebraic expressions with square roots

In this course the expression /x is defined only for > 0. All square roots are assumed non-negative; thus
Va2 =z -z =|z|

Consider the equation Va3 = |z|/z. Because all radicands are assumed to be non-negative, the absolute

value is redundant here. However, its use is advisable, to improve clarity.

From the above, the multiplicative property of square roots (equation (I.5.1)), and the factorization (11.3.1),

one derives the the following identities

O e fi_a_vbravb-a
v b b |b| '

For = # 0, we have

x|z

P i = sign(x) = {

||

1 x>0
-1 x<0.

The function sign(z) is called the sign function. Thus b = |b|sign(b).

We have assumed that all radicands are non-negative. To see why this precaution is necessary, let us examine
the identity \/av/b = v/ab when a and b are negative . On the one hand, we have

V=3T3 = V(-2)(3) = V6

while on the other

V2V T3 = VEIVRVEIVE = (VEI) VRVB = VG

The solution of this apparent paradox requires the use of complex numbers, which lie beyond the scope of
this coursef. Here just keep in mind that square roots are tricky, and exercise extra care when manipulating

expressions where radicands may be negative.

Multiply, expanding the radicand.

VIVT =5  VTzBr—4 [Va? =5z, V21a% — 282

VT +3vVa+2  Va+bVz—5 [Va?¥52+6; Va?—25]

V2T =3Vt £ 3V 1 9 [ v2z® —162]

1 The latter expression is the correct one, under any ‘sensible’ definition of the complex square root function.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Simplify.

Vava;  Vovive Va?bvira
VB R T

V4922, 23 = 322, (x —3)2
Va2 —dx+4; /36— 12y +¢?
VST A2 VI A
—VE = VP + 2V

3 — 2| — [2¢] — /361

VIS + V0t — 2VE+ VB
\/z4w\/E_ Vst/i2

w ’ t2

V3+x\V9 — 22
15+ 5z

(. —2v2)? -8

X

Va3 (a? + 3a) — 27+ 9a

Va2 — 23 — /4 —4x

Simplify, removing radicals at denominator.

V752 VA2 K3 V3q
Vaz ' VT T V21
1 1 Vbh-1
Va'  1+Va Vb4
Vm kg
Vm —+/n’ 2k 9/

ﬁ L 125¢

V16 53

V81z2 — 2(y/|x|)?
91x

6/2/2018

[a; b?; |ab|\/£]
[Iblva;  |y61vE:  245v3]
[712;  lelva—3; |z —3]]

[\l’*QI; \yfﬁl]

[|z+3|\@; |7+t|\ﬁ]

[o]

[121(1 = 6,/12]) ]

[ V(I +3)]

[g% m]

[ ]

[ - 1v2)

[(a2—3)\/3+a]

[(j2| - 2)vT—2]

1

[5: WivG 5]

[@. 1-va 1+b—2\/8]
a’ 1—a'’ b—1

[m-l-\/m. Vi \/ﬁ]

; ~ < __

m-—n 3 2

[1 - 5sign(1)]

sign(z)
=5
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22.

23.

24.**

25.**

26.**

27.%*

28.7*

29.**

30.**

31.%*

32.%%

33.*%

34.%*

36.**

2V/PQ-P-Q
VQ - VP

a2 + 49b — 14av/b
- 7\/5—1-(1

Va2 —4—+/9a + 18
V8 +4a

9a° 1
b\ 3a+b°

Va/b=(iJb)
vV ab? + ab

~V1+(1/k)
VEL 4 k3

b2

&

<
%

b3 —4b  V4b+ 8
Vb 2

2 /—t24+9/4

L
25

3vor +1

6/2/2018

[vP- Q]

[sign(a —7Vb) ]

[Ye-2=8]

Y3V

[5vi=1]

[k2\/k7171]

[ a;y(;cyy—!— 1) ]

[ a(l — 2a?) ]

a

[ 3]

[QM]
5

(22

3—2¢
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37.%*

38.**

39.%*

40.7*

41.%*

42.%*

43.%*

447

45.%*

46.7*

1
—_— 2k + l
4k9 _ k5 k

I e
V224 24 7

6a + 4b — vV 96ab

V3V4a — V/8b
1 4t L o
V12 + 2t2 e
z? 49 [y 2 342
\/ Ty — 623 12 \2? v
Va—1-+/(20)% — 4a
x/a2 —a
3
Vi (v9)
\/ st — st2

Va1 — 4(13\/(1 + 2a2)1

1+ (2vy = 1)° - 8lylvy
6vy

1 aVv22ab
pY) (ﬁ ””@)

62
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E(2k* — 1)

Py

E
[vaa - Va3

[\/t(2—t3)]
p

[ V2 /Tye]

[Vo—2a]

a

[ Vs(1 —-t)]

[ a(l — 2a?) ]

[1-2v3]

[v2]
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I1.6 Linear equations and inequalities

First we note some properties of equations and inequalities. For all a,b we have

a =b = atc=b+tc all ¢
a =b = ac = be all ¢
ac = be E i a=5b c#0
a < b - ac < be c>0
a < b - ac > be c<0.

The last two properties also hold if we replace strict inequalities with non-strict ones, that is, < by <, etc.

A linear equation is an equation of the type ax + b = 0, where z is the unknown variable, while a and b are
real numbers, with a # 0. Its solution is x = —b/a. A linear inequality takes the form ax+b > 0, ax+b > 0,

etc. An equation/inequality is indeterminate if it is true for all values of the variable, e.g.,
3(7Tx —5) +5 > 21z + 10 = 0>0.
An equation/inequality has no solution if it is false for all values of the variable, e.g.,

3z—z=2x+1 = 0=1.

Next we consider systems of two linear equations. The method of solution is best illustrated with an example

Sy=x+3
{ Sty 1T (I1.6.1)

We begin by solving the first equation. Given that = has unit coefficient, we choose to solve it for z, obtaining
x = by — 3. (1I1.6.2)
Substituting this value of z into the second equation (I1.6.1), we get

—(5y—3)+y=17

=Sy +y=17-3
—4dy =14
7
y=—§.

So the solution of the system of equations (II.6.1) is
41 7

€r =

Check that solving for y first gives the same result.
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10.

11.

12.

13.

14.

15.

Solve.

1 1 3
9=>; 2= S R A
x’ x+1’ y+5y

z—9 1
== 2) — =2
oy ¥ 5(x+2)—3x=2(x+7)
1 3 2 5 __1B 8.3
2 2 3 37 6 12 6
4 —10x 3x—1_§ 8x—1_§
3 2 9 4 4
2(58—5)_2(53?—1)_4(356—5)_4
5 7 N 5
1 39
S22y
r 65z
2 1
3x+15 22
r—3 x+2
r+5 x—4

Reduce to a linear equation, and solve.
2z —=3)=(x—-1)(1+2z)
—3(1—2)+(2—2)%2=—18+ (2 +2)?
23— 2)+ (@ +2)(z+3) = (v - 2)(a — 3)

(k+2)2+(k71)2 (k—3)2 4 (k+1)>

3 12 5 T3t g

1
(3—x> 4x+1=4x—§—4x2

Solve for the variable in curly brackets.

70 —2)=x—30 {z}

az® + brt + cx® =0 {b}
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1 1 2
3~ 5
[13; no solution]

[ indeterminate ]

[-

50
T

aac2+c]




16.*

17.*

18.

19.

20.

21.

22.%

23.

24.

25.

26.

277

28.*

29.7

30.*%

31.%%

32.%%

x 7
_——=——+ 4
y 3 {y}
3
2 (ab® —¢) — %L = 9a? <g) —c? {a}
Solve.

y+r=3, —z+y=1

20 =3 -2y, —z+3y=0

2a+3b=4,5a+5b="7

11r —9s=s—1,1—2r =5r —3s

r—4dy=3(x+y)—6, —9y=4x -5

Solve.

4o +7 < —5; r—3<5; —xrx—4< -8
4 2 16 6 8

_= = 8y > ——- _= —
7ESgp TR T4

1 3

§x+4—3x>5x—§

5(3% 4 7) — 10z > 5(x + 8)

BE+(E+1)? > (E-1)(E+1) -3¢

20— 5Bz +2) >z —1+2(x—3)

(t—4)(t+4)—2t>(t—-1)2-3

z2+1 1 _ 3
22—-16 44z 44—z

g(x—S)—x<§—4> — b5z —2(z—3)>0

2x 6 1 1
6z - _
T+ 2 3x+9 22 +5x+6
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[i<;+x—x2)]

5]

[e> -3
[m<—%

[ no solution ]

[no solution]
[m < %]

[-3]



33.%*

34

35.%*

36.%*

37

38.%*

39.%*

40.**

41.%*

42.%*

43.**

44+

45.**

46.**

47.**

48.**

49.**

2u—3 1-5u w — 12
_ 9_4
4 3 = 3u

2

6u+ (3u+1)> (Bu—1) <3u+ 1> _ 6u

8 20 6

32 w8 22

2(152 —7) > — (; _ 396) (5:5 ~ g)

23—z) 5(1—2z) 4-2a

B 1
3 6 < 2 +

2(9—3x)

< —(z+2)(x+3)+ (x+2)(x — 3)

3
1
8x2+2<521> (14 2x) > 0.

z—3 22 +1 <4Z*1
g 3 15

+ 2z

r_r-3 L_1>1 3r4+1
5 4 2 10 4

3 4 D) 3
1 6x—-3 _ a-—
27T T g 3 +2x+5
Tx—-3 20-1 1 _3-2r 1
4 3 B) 5 1
1 (a-1) (20+4) (6-5q)
6 3 8 3

2
(k—i—;) —(k—1)? -6k <5k —3

z—3 2z-1 2z —1

6 7 <3 %

— 6z + 18 1 r—1 5c—5
—— 1 Tyt—3 >l-—3
1 50 —2 1 )
a(3—3a)— 5 _6>_3a
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<
[us L
[2]

6
[m>g]
o<1}
o< -3
1
[x<§]
x> —7
[# > -]
o> 12
(o< -2
17
o< 12
17
o>
9
[k>3—2
[-< 5
51

8
[z>g]
o< g



50.**

51.%*

52.%*

53.*%*

20 —6  2x—1 1
R —1<§(2x—1)—2x

1
1022 —x < (5x+ 5) (2z — 3)

(Tt +2) <2t - é) < —t+ 1482

1 3 9
2 _ i —
6x° > Tr — 2 (3 21;) (23@ 6)
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[x<%
[v< -2
[t<%
[2< -2
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II.7 Quadratic equations

A quadratic equation is an equation of the form
ar’ +br+c=0,

where a, b, ¢ are real numbers. We require a # 0 (otherwise the equation is not quadratic!) but b or ¢ could

be zero. We begin with these cases:

b=0: ar’ +c=0 2?2=-c - Ty == _¢
a \/ a

c=0: az? +bx =0 z(ax+b) =0 = x:0,—g

In some cases, a quadratic equation may be solved by factoring, resulting in two linear equations
2 —8x4+15=0 = (x=3)(x—5)=0 — x—3=0 or z—-5=0
with solutions x = 3, 5.

In general, the solutions are given by the formula

— b+ b2 —4ac

2a

If the middle coefficient is even, we have the reduced formula:

—k+VEk? —ac
a

b even : ar?+2kr+c=0 Ty =

The discriminant of equation (IL.7.1) is the quantity A = b — 4ac. If A is positive, the equation has two

distinct real solutions. The two solutions coincide if A =0, e.g.

5
922 —30x+25=(3z—-5)2=0 A =30%—-4-9-25=900— 900 =0 e =3

If A <0, equation (I1.7.1), has two complezx (or imaginary) solutions. In this course, you are not required
to construct or manipulate complex solutions. However, you must be able to detect their presence, from the

sign of the discriminant.

Quadratic equations may also be solved by completing the square:

5 5 b c
ar® +br+c=0 — z°+2—x=——
2a a

— $2+2bx+<b>2:_c+<b>2
2a 2a a 2a
b\ ¢ (b))

— <$+m> :—a+<2a> .

Letting y = = + b/2a, one then solves for y an equation of the type y? = A.

68



6/2/2018

A quadratic equation may be obtained by squaring another equation (meaning squaring both sides of it).
For instance

T =25 - % = 25.

The derived equation x> = 25 has two solutions = £5, but only one of them is a solution of the original
equation. By contrast, squaring the equation x — 5 = 0 does not introduce a different solution, it rather
creates a duplicate of the solution x = 5. The situation becomes more subtle with equations involving square

roots. The various possibilities are exemplified in the following table
1 17 117 I\Y

(7) 2yr=1-x r<1 3+2v2 one real solution: 3 — /2

(i) 3Vz=1+z r>-1  (7T£3V5)/2 two distinct real solutions

(#4i) 2yr =14z x> -1 1

(iv) 3Wr=-1-=z x<—1 (7+3V5)/2 no solutions

(v) Vr=1+z x>-1 (—1+£+/-3)/2 no real solutions (two complex solutions).

two identical real solutions

To explain the content of the table, and to illustrate the method of solution, let us consider the equation

z+2vr =1

Step 1: isolate the radical. 'We rewrite the equation in such a way that the term containing the square root
is isolated on the left-hand side, with a positive coefficient. This is essential, lest you will not get rid of the

square root. Our equation becomes
2Vr=1-2z
which is the example (7) in the table.

Step 2: solve the associated inequality. Square roots are non-negative, and so the left-hand side of the
equation satisfies the inequality 24/ > 0. But then also the right-hand side must be non-negative, resulting
in the inequality

1—-2>0 with solution <1

which is displayed in column II.

Step 3: solve the derived equation. Now we can square both sides of the equation, and obtain a derived
quadratic equation whose solutions are listed in column I71. In our case, equation (i) becomes 4z = (1—1x)2,
or z2 — 6z + 1 = 0, with the two real solutions x4 = 3 £ 2v/2.

Step 4: select the solutions. The solutions of the derived equation — if they are real — must satisfy the
inequality II. So it is possible that one or both solutions of the derived equation are to be discarded, as

detailed in column I'V. Using the technique described in section 1.6 (or by inspection), one can verify that
3+2v2>1 3-2v2<1

and therefore equation (i) has the single real solution z = 3 — 2v/2.

Note that the equation 2\/x = x — 1, which differs from (i) by the sign of the right-hand side, leads to the

same derived quadratic equation. In other words, by squaring we forget the sign of the right-hand side.
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11.
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However, the associated inequality is now = > 1 (which remembers the sign of the right-hand side), leading

to a different solution: z = 3 + 2v/2.

In case (iii), the derived quadratic equation 2 — 2z +1 = (z — 1)2 = 0, has zero discriminant, giving the

two identical solutions 4 = 1 4+ +/0. In case (v), the derived equation has negative discriminant, and there

are no real solutions (the solutions are complez, in which case the inequality IT does not apply).

Note the important distinction between an equation with no solutions (case (iv): the derived equation

has two real solutions, none of which is a solution of the original equation) and an equation with no real

solutions (case (v): the derived equation has two complex solutions, both of which are solutions of the

original equation).

Squaring an equation may introduce spurious solutions

a—3 a-—1
a—4 a—4
24z + 482 =0; —56a = —32a>

3562 — 63b=0; 0= —x— 1222

Solve for the variable in curly brackets.

22 —a?=0 {z}
2 -32=0  {y)
25b*
2a=— (b#0) {a}
22+ 2u? = uz +u? {z}
ax—|—b+§=0 (ac #0) {z}

[+8;  +4v2]
5
[+var; ig]
V15
[+V13; e

[ no solution ]

[—2,0; o,g]
9 1
[ng; —ﬁao]

[+a]
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12.7*

13.%*

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
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2 2 2 be®
az® —13az — be*z = —13be {z} [13, o

d* — da — abed = —a?be {d} [abc, a]

Solve by factoring.

22 — 120427, y? —4dz—45=0 [3,9; —5,9]
a2 =4da—4; b =10b+21 [2  —7,-3]
5 7
2 17 _ — Q.2 _3 2. _of
422 415 =172 14— 1lw = 9w [-3, o 2,9]
121 + ddw = —4w?; 6427 — 1122449 =0 [% g]
Solve by completing the square.
2 —drx+3=0; 22+6x+5=0 [1.3;  —5,—1]
1222 + 242 = 36; 52 4 26k = 132 [-3,1;  1+v5]
2460 —8=0; 12+ 24r =104 [-3+ V1T,  —12+2/10]
214z 4+1=0; a®>-20a+12=0 [7+4v3;  10+2v22]
Solve.
3 1
7“—4_57"4—4_1 [_8’6]
r—1 x—-3 .
-9 1—4 [no bOhlthIl]
1 s 2
2+3s 2+s [_1’§]
12 5
1+z2716_a?—4 [73’8]
1
2% —— = — —2
5y—3 3+vy [ ﬂ]
z=(2+1)? [no real solution]
22420 —1=0 [—1+v2]
a2 —16a = 8 [8+6v2]
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30.

31.

32.%

33.F

34.%*

35.%%

36.7*

37

38.%*

39.%%

40.%*

41.%*

42.%*

43.%*

44.

45.

46.

47.

3z =22+ 3
32 =9y + 7
20 = 3a2 — 32a
u? = 2u + 566
33@—1 =21 -Tx
6x —12 14x
1 y
1—— (-1 ) =2
2y( +y> 5
§_ 3 1
x 1-22° 22
2_ 1 _1
2 6r—1 z?
(38X —1)* 301
X 5% =—(4X +6) X T X
2
=9 6
4 _—_— =
. z+3 3r—1
1—2? 5

r+1 10z —35

17 dr—1  2x-1

3 162° -1 =z

5 r+1 6 2 3
3—+ 5 ——=— — —

B2 74 B 2 12

1 5r —1 r+3

5+x—2m7 3

Determine all real solutions.

Ve+1=0;, z++Vzx+2=0
Vz+8=z-4; 2yy+4d=y+1
24+c=+6c+T; 14+2v5x—6=2x+1
V35 —br=x—T; t24+7—-t+5=0

6/2/2018

[li\/ﬁ]
3

3+ 57]

[5 (5+2v7)]

3

[149v7]
[+v3]

[5i2\/ﬁ]
7
[ —li\/ﬁ]
6
[3+2v2]
[5i2\/ﬁ]
7
[ —1i\/ﬁ]
3
[9:|:\/ﬁ]
4
31
[-5°5]
[6+2v6]

[ -9 V5]

[n0 solution;  —1]
[8: 5]

[-1,3;  2,3]

[7: no solution |
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48.

49.%*

50.**

51.**

52.**

53.**

54.%*

55.%*

56.%*

57.**

58.%*

59.**

60.**

61.7*

62.%*

63.7*

64.**

65.%*

Ce+1)(z—-1)=z-1;

r+3vVr—2=0

1 1

0= —
V-2t 1-—2t

2vVer+14+2x=0
20 —1—+4/3x+3=0
dhyr—-2=1—=x

%(-1%/10@—3) =5

5a—5573 a—9
5  "4/9a-81

6/2/2018
[ 1;  complex solutions ]

[ no solution ]

(=17
[2-2v3]

(]

[ no solution ]

[6 (6= v39)]

[5]

[5i2\ﬁo]
3

[3+@]
2

[0,(3+2v2)?]
[0 solution]
(2 (3+v5)]

[13]
[0 solution]
[1- V8]

[2-2v2]

[1—&—2\/5]
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1 3 2
06- O_\/5—2w_1—3w [_3(1+2\/§)]
2 T . .
67.%* \/4 o = > [1nde&xnnnauﬂ
re — 24r + -
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